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 This short talk will be a presentation of the exact loss landscape for 2 features in 1
dimension, demonstrating the first order phase transition where we see the exact
sparsity value the model decides to embed more features than it has dimensions

e Let f(x,w) = ReLU(W!WXx) be our biasless model. Consider n = 2 features
x = (x;,%,) € R? embedded into m = 1 dimensions. The parameter w € R!*? is

w = [W1 W3] and importance will be constant so I = 1 for both features. We will
have the following 4 cases below
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Sparsity and Loss

o Afeature x; € (x{,Xx,) will be set to zero with probability s and otherwise sampled

from the uniform distribution x; ~ U[0,1]. In other words x; ~ g(x, s) where for
T C {1,2} we have

g(x,s) = s26(x; = 0,x, = 0) + s(1 — 5)8(x; = 0) + s(1 — $)5(x, = 0) + (1 — 5)°

The Toy Models Potential as defined in SLT High 4 is

T 2 Bl
Lw)=| gq(x,s)||x— ReLUW " Wx)|| dx 0 ‘. O
R2 | N
NN —
= J q(x, $)g(x(, X5, w)dx !
) ) — D X
Where g(x;, X5, w) = | | x — ReLUW!Wx) | | o Qi)
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he Integral

e Expanding our function g(x;, x,, w) we obtain

g(x;, %, w) = | |x — ReLUW Wx) | |

X1 I o o (1
= X, — RellU W, (W1 W) %
) mesfc)

2 W1W2x1+W2x2

* Now our loss function will decompose into four components

2

L(w) = [ q(x, $)g(xy, Xy, w)dx
R2

1

= 52 J 2(0,0,w)dx + s(1 — s)[ g(x,0,w)dx,
0

1

1 o1
g2(0,x5, w)dx, + (1 — S)2J [ g(xy, x5, w)dx,dx,
0 J0

+(1 — S)S[

0
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Lets do more of the Integral

e Expanding our function g(x;, x,, w) we obtain

L(w) = 1 X1 w12x1 ?
(w) = s(1 — ) o) RelLU dx,
0 WiWwa X,
1 WiWHX 2
0 1WaX)
1 — — RelL
+s(1 —s) "O ‘<x2> e U( wlx, > dx,
1 ol N 2
(1 — s)zj J ‘ <;€1) ~ReLU (TR G ar,
0 Jo 2 WIW) Xy + Wi X,

e Assuming both w, and w, have the same sign everything inside the ReLU’s is
positive so the loss is

1 —
Liw) =X : D (1wt + 222 — 22 + w — 202 4 2)

2
.a 6s) <2w;‘+3wf’w2+4wlz (wy — 1) + 3wyw, (w5 —2) +2(w§‘—2w22+2)>



the critical points

oL
Taking the partial derivatives of the loss and solving ——

aWI

oL
—— = () we obtain

sz

(Wi, wy) = (0,0), (w,w,) == (\/15 ) \/1§>

* The Hessians of both critical points are
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S hy=2G—1), A=—(s—1
~(s—1? Fs—1) FT3O T T
0,00 \ 3 / _
Both eigenvalues negative
for all s, local maximum
C(s=1) [((=1749s) (—11+3s) )
T T6 \(=11+35) (=17+095) o= (=D% A=2(7 =351 =)
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Both eigenvalues positive
for all s, local minimum



e When w; and w, have mixed signs then the s(1 — s) terms immediately simplify

2 2

dx,

1

and the third term finally gives us a case for the RelLLU
1
Liw)=s(1 — s)[

‘ <x1> _ReLU (le x1>

0 0 0

+(1 - s)ZJ1 [1 Gl) _ReLu (" e
0 Jo 2 WIW,X| + Wi X,

_sd=9 (w3 = D* + (wi = 1))

dx; +s(1 — S)[
0

0 0
‘ ( x2> — RelLU (szx)
2

dxld.x2

1ol
+(1 = s)2J [ (xl — ReLU(wix, + wlwzxz))z + (x, — ReLU(wjx, + wlwle))zdxldxz
0J0

1 el

2

Lets define h(x, x5, Wi, Wy) = J [ (xl — ReLU(w?x; + wlwzxz)) dx,dx, so the (1 — 5) term
0 J0

is just (x, Xy, Wi, Wy) + (X, X1, Wy, W))



Lets just do the Integral again

the cases we arrive at for w; < 0O and w, > 0

-

3w — w? + 4w,

h(x(, Xy, Wi, Wy) = 4

1 2W2

w

Now the RelLU inside h(x;, x,, wy, w,) is positive when x; > —2x2, being careful with

w1

,W1+W2>O

4w, + 4w + 6Wiw, + w3 + wiw,(wr — 6) + 4w (ws — 2)

* Qurfinal loss in this region is

s(1 =)

Wi+ w, <0

— 2 2 2 2
L(w) = 3 ((w2 - 1)+ (wy—1) )
( 4w? + 6wfw2+4w13(w22 — 2) +w12w2(w22 - 6) + 8wy — w5 + 4w
= Wi +w, <0
+(1 — 5)%+ .
2)w23 + wl(wl2 - 6)w22 —w} (w12 - 4) + 6w w5 + 4w + 8w,
= Wi+ wy, >0
2




Lets just do the Integral one again again

e The loss for the region w; > 0, w, < 0 is the same with regions flipped

L(w) = w22 — 1)’ + (W12

s(1 —9)
3 <(

e Why do the mixed signs
matter now?

—1)?%) +(1 -9

-
4w + 6Wiw, + 4w (w2 2) + wi wz(wz 6) + 8w —

w3 + 4w3

12W1

4(w12 - 2)w23 + W1<W12 - 6)w§‘ -w

13(w12 - 4) + 6w1w§ + 4w2'5 + 8w,
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Critical Points Part 2

e The critical points only occur on the line w; + w, = 0 which greatly simplifies solving
oL oL o - _
—— = —— = () giving the critical points
awl sz

( )
1 3+ 5s 1 34+ 5s

* 1+3s " 1 +3
+ +
V2SS 2 s

* The Hessians of the critical points are

(W, wy) =

(2L 2L )
ow? ow 0w
. o 3 — 5+ 57s% — 5953 1 5
P L L Ay = , A_=—=(3+2s—55%)
(g (- R R 6 + 18s 3
Both eigenvalues
(_ (s — D(s(89s + 30) + 9) G 1)*(29s + 3) ) positive for all s,
— 365 + 12 365 + 12 local minimum
(s — DX(29s + 3) (s — 1)(s(89s + 30) +9)
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Contour plot for s=0.150
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Contour plot for s=0.750
1.5
1.0 1
°
0.5
¥ 0.0 L]
-0.5 1
°
-1.0 1
-1.5 T . T T .
-1.5 -1.0 -0.5 0.0 0.5 1.0 15

0.072

0.064

0.056

0.048

0.040

I 0.032

exp(-25*L value)

- 0.024

r 0.016

r 0.008

- 0.000

0.08

0.07

0.06

0.05

0.04

exp(-25*L value)

- 0.03

r 0.02

r 0.01

— 0.00

0.600

0.525

0.450

0.375

0.300

exp(-25+*L value)

r 0.225

r 0.150

r 0.075

—- 0.000

w2

w2

w2

Contour plot for s=0.250
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Contour plot for s=0.550
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Contour plot for s=0.850
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Contour plot for s=0.350
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Contour plot for s=0.650
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Contour plot for s=0.950
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Theoretical Prediction
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Note there is a clear w = (wy, w,)

suffices to solve L

gives

Contour plot for s=0.30000
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Phase Transition in sparsity

Contour plot for s=0.41783
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Contour plot for s=0.50000
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Takeaways

If you need a Toy visible loss landscape for your experiments/theory this

o
I |
week take this onel
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Phase Transition in sparsity

Contour plot for s=0.41783
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Contour plot for s=0.50000

1.5

1.0 1

0.5 A

0.0 A

-1.0 4

-1.5

~

~

-1.5

-0.5 0.0 0.5 1.0
wl

-1.0

—

First Order Phase Transition

15

0.120

0.105

0.090

0.075

25+%L value)

- 0.060

exp(

I 0.045

r 0.030

I 0.015

—- 0.000



Bonus Content - Non Constant Importance

e What about non-constant importance? Here [, =1 and [, = I is a new
parameter

Lw) = Jq(x, s)| | 1(x — ReLU(W!Wx)) | |2dx

1 1
=s(l — s)<J (xl — wlle)zdxl + I[ (x2 — w22x2)2dx2>

0 0

1ol
+(1 = S)ZJ J (xl — ReLU(w?x, + wlwzxz))z + 1 (x2 — ReLU(w?x, + wlwle))zdxldxz
0

0
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Plots

Contour plot for s=0.0000

0.5

0.0

w2

~0.5 1

-1.0 1

-1.0

0.0 0.5

wl

Contour plot for s=0.5000

-0.5

0.5 1

-1.0

-1.5
-15

-1.0

0.0 0.5

wl

-0.5

Contour plot for s=0.0000

0.5 1

0.0 1

w2

-0.5 1

-1.0 1

-1.0

0.0 0.5

wl

Contour plot for s=0.5000
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Contour plot for s=0.1000
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Contour plot for s=0.6000
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Contour plot for s=0.6000
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Phase Transition in sparsity for | = 0.1
Contour plot for s=0.2000
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Contour plot for s=0.7000
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Phase Transition in sparsity for | = 0.4
Contour plot for s=0.2000
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Contour plot for s=0.7000
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Contour plot for s=0.3000
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Contour plot for s=0.8000
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Contour plot for s=0.8000
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Contour plot for s=0.4000
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Contour plot for s=0.9000
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Contour plot for s=0.9000
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